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Abstract
In this work we introduce Relativistic Quantum Geometry (RQG) on a Modern Kaluza-Klein
theory by studying the boundary conditions on a extended Einstein-Hilbert action for a 5D vacuum
defined on a 5D (background) Riemannian manifold. We introduce a connection which describes
a displacement from the background manifold to the extended one, on which the 5D vacuum
Einstein equations with cosmological constant included, describes the dynamics of the scalar field
σ, which is responsible of describing the mentioned displacement and complies with a relativistic
quantum algebra that depends on the relativistic observers. In our formalism the extra dimension
is considered as space-like, and therefore is a noncompact one. After considering a static foliation
on the extra dimension, we obtain the dynamics for the gravitational waves that propagates on
a 4D (curved) background, defined on the 4D induced curved Riemannian manifold. Finally, an
example, in which we study a pre-inflationary model of the early universe is developed. We obtain
some constraints from Planck2018 observations.
PACS numbers: 04.50. Kd, 04.20.Jb, 02.40k, 11.15 q, 11.27 d, 98.80.Cq
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I. INTRODUCTION
The formulation of a theory of quantum gravity free of problems is one of the greatest
challenges of modern physics. Nowadays there are many theories attempting to describe
gravity at quantum level. The M string theory [1, 2] and several approaches in the context
of loop quantum gravity as spin foam networks, are good examples [3–5]. A feature shared
by these theories is the use of geometry in different facets. Quantum geometrodynamics,
introduced by Wheeler [6, 7], and quantum geometry [4, 5] are some of the geometrical
frameworks involved.
Until now, it has not been possible to formulate a consistent quantum gravity theory
that allows the unification of gravity with the other interactions of the standard particle
model. An attempt that address this issue is the recently introduced relativistic quantum
geometry [8, 9]. In this approach it is obtained a gauge-invariant relativistic quantum
geometry by using a Weylian-like manifold [8, 9]. Such manifold is thus endowed with a
geometric scalar field which provides a gauge invariant relativistic quantum theory in which
the algebra of the Weylian scalar field depends on the observers. In this last framework
have been studied several topics. Some of them are inflationary back reaction effects [10],
charged and electromagnetic fields [11] and geometric back-reaction in pre-inflationary
scenarios [12], among others.
In this work we extend the formalism of the relativistic quantum geometry to the five-
dimensional (5D) scenario of the induced matter theory. At the beginning of the nineties Paul
Wesson and collaborators introduced a theory in which our our-dimensional (4D) universe
can be locally and isometrically embedded into a 5D space-time in vacuum, where the fith
extra dimension is space-like and non-compact [13–15]. The letter is organized as follows.
In section I we give a little introduction. Section II is dedicated to the formulation of 5D
of the relativitic quantum geometry formalism. Section III is devoted to the 5D vacuum
case of the formalism developed in section II. In the section IV we show how to obtain an
effective 4D setting induced from 5D vacuum. In section V we give as an application of the
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formalism a model of pre-inflation. In section VI we study the 4D induced gravitational
waves during pre-inflation. Finally we leave section VII for some final comments.
II. THE 5D FORMALISM
Let us start considering the 5D action in vacuum
(5)S = 1
2κ
∫
V
d5y
√
|g5| (5)R, (1)
where g5 is the determinant of the 5D metric gab, κ is the 5D gravitational coupling,
(5)R
is the 5D Ricci scalar of curvature and V denotes the volume of the space-time manifold
M which in our case is assumed to has a boundary ∂M. Following a Hilbert variational
procedure with respect to the metric tensor, we arrive to
δ (5)S = 1
2κ
∫
d5y
√
|g5|
[
δgab (5)Gab + g
abδ (5)Rab
]
= 0, (2)
with gabδ (5)Rab =
(5)∇cδW c, being δW c = δ (5)Γcabgab − δ (5)Γdedgec = gab (5)∇cδ (5)Ψab where
(5)∇ denotes the 5D affine connection. In general, when a bounded manifold is considered, a
York-Gibbons-Hawking action is introduced to ensure that the Hilbert variational procedure
is well-defined. In our case, we prefer maintaing the boundary term and investigate the
implications in the field dynamics due to the presence ot this term. With this idea in mind,
when we implement δS = 0 let us consider the condition: (5)Gab = Λ5gab, where Λ5 is
denoting the 5D cosmological constant. This condition is in agreement with the idea that
our start point in the 5D manifold is a geometrical vacuum. In addition, if we require that
gabδ (5)Rab =
(5)∇cδW c = δ (5)Φ, the equation (2) leaves to the condition gabδ (5)Φ = Λ5δgab,
where (5)Φ is a 5D scalar field. Then, we postulate the existence of a tensor field δ (5)Ψab
such that δ (5)Rab ≡ (5)∇bδWa − δ (5)Φgab ≡ (5)δ (5)Ψab − δ (5)Φgab = 0. Thus, it follows that
δW c = gab (5)∇cδ (5)Ψab, (3)
where (5)∇cδ (5)Ψab = δ (5)Γcab − δcbδ (5)Γeae. The fields δWc and δ (5)Ψab result to be invariant
under the gauge transformations
δW¯a = δWa − (5)∇aδ (5)Φ, δ (5)Ψ¯ab = δ (5)Ψab − gabδ (5)Φ, (4)
4
where the condition (5)δ (5)Φ = 0 must hold. On the other hand, the field equations and
the equation of motion for 5D gravitational waves can be written as
(5)G¯ab =
(5)Gab − Λ5gab = 0, (5)
(5) δ (5)Ψ¯ab =  δ (5)Ψab − gabδ (5)Φ = 0, (6)
where in addition δ (5)Φ = (Λ/5)gabδgab and
(5) ≡ ∇a∇a is the 5D D’Alambertian on
the 5D Riemann (background) manifold. The scalar field δ (5)Φ(ya) can be interpreted
as a scalar-flux of δW a through the 4D boundary ∂M. This flux can be considered as a
gravitodynamic potential related to the gauge invariance of δW a and δ (5)Ψab. Until now,
we have implemented and exact variation of the Einstein-Hilbert action on a Riemannian
background geometry. Now the idea is to investigate the possibility to extend the previous
formalism for a Weylian-like manifold and associate a relativistic quantum dynamics of the
Weylian scalar field by using the fact that Λ5 is a relativistic invariant. In order to do so
we proceed as follows.
We consider a Weyl-type geometry with an alternative covariant derivative where the
non-metricity condition is given by: gab|c = −14 [σa gcb + σb gac], where “|a” is denoting the
new Weyl-like covariant derivate. The Weyl-like affine connection related with this new
derivative has the form
(5)Γabc =
(5){ abc}+
1
4
gbcσ
a, (7)
where σa ≡ σ,a and the first term is denoting the 5D Levi-Civita connection. In the Riemann
geometry the identity ∆gab =
(5)∇cgab dyc = 0 is valid. However, in the Weylian-like space-
time the variation must be done with (7). Thus, we obtain
δgab = gab|cdyc = −1
4
[
(5)σbgca +
(5)σagcb
]
dyc, (8)
where if we define the operator
^
y (t, r¯, l) =
1
(2pi)3/2
∫
d3krdkl
^
e
a
[
bkrkl
^
y krkl(t, r¯, l) + b
†
krkl
^
y
∗
krkl
(t, r¯, l)
]
, (9)
with b†krkl and bkrkl being the creation and annihilation operators of the 5D space-time
manifold, such that
〈
B
∣∣∣[bkrkl , b†krkl ]∣∣∣B〉 = δ(3)(k¯r − k¯′r)δ(kl − k′l) and ^e a =∈abcdf ^e b^e c^e d^e f ,
then we obtain
dya|B〉 = (5)UadS5|B
〉
= δ
^
y
a
(yb)|B
〉
, (10)
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which defines the eigenvalue resulting of applying the operator d
^
y
a
on a background quantum
state |B〉, defined on the Riemannian manifold and where (5)Ua is the 5-velocity in the
Riemannian manifold. The 5D line element corresponding to the Weyl-type manifold reads〈
B
∣∣∣d^y ad^y a∣∣∣B〉 = ( (5)Ua (5)Ua) dS25 〈B|B′〉 = dS25δBB′ . (11)
This 5D line element can be interpreted as it provides the displacement of 5D quantum
trajectories with respect to the “classical” (Riemannian) ones. Thus, the parallel transport
of some vector V a defined on the Weyl-type manifold is given by
δV a =
1
4
σagbcV
bdyc, (12)
which implies that
δV a
δS5
=
1
4
σaV bgbc
(5)U c, (13)
where we have regarded that ∆V a = 0, i.e. the variation of V a in the 5D Riemannian
manifold is null. Due to (13) is it not a difficult task to verify that
δV a
dS5
δVa
δS5
= − 1
16
[
σa (5)Ua
) (
Vc
(5)U c
)
(σaVa] 6= 0. (14)
This equation indicates that the length of a vector V a is not preserved under parallel trans-
porting on the Weylian manifold. The actions in the Weylian and Riemannian manifolds
are related through the expression
S5 =
∫
d5y
√
|g5|
[
(5)Rˆ
2κ5
+ (5)Lˆ
]
=
∫
d5y
[√
|g5| e− 12σ
] {[ (5)Rˆ
2κ5
+ (5)Lˆ
]
e
1
2
σ
}
(15)
, where (5)R and (5)Lˆ are respectively, the 5D Ricci scalar and the lagrangian density in the
Riemann manifold. Demanding that δS5 = 0 we arrive to the relation
− δV5
V5
=
δ
[
(5)Rˆ
2κ5
+ (5)Lˆ
]
[
(5)Rˆ
2κ5
+ (5)Lˆ
] = 1
2
δσ, (16)
with V5 =
√|g5| is the 5D volume element in the Riemannian manifold and δσ = σadya.
The Ricci tensor in the Weyl-type manifold in terms of the Ricci tensor in the Riemann
manifold is given by
(5)Rab =
(5)Rˆab +
1
4
[
σa;b +
1
2
σaσb − gab
(
σc;c +
1
2
σcσ
c
)]
, (17)
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where we have used the expression
(5)δRbc =
(
δˆΓ
a
ba
)
|c
−
(
δˆΓ
a
bc
)
|a
=
1
4
[
σa;b +
1
2
σaσb − gab
(
σc;c +
1
2
σcσ
c
)]
. (18)
Thus, for the scalar curvature we have
(5)R = (5)Rˆ−
(
σa;a +
1
2
σaσ
a
)
. (19)
Therefore, the Einstein tensor can be written as
(5)Gab =
(5)Gˆab +
1
4
[
σa;b +
1
2
σaσb + gab
(
σc;c +
1
2
σcσ
c
)]
. (20)
Now, it follows from the equations (5) and (20) that in the Riemannian manifold Λ5 is a
constant. However in the Weyl-like manifold we obtain
Λ5(σ, σa) = − 3
10
(
(5)ˆσ + 1
2
σcσ
c
)
, (21)
where we have made use of the fact that gabGab = −5 Λ5(σ, σa). Given this dependence on
the geometrical scalar field σ of Λ5, it is possible to consider Λ5 as a functional of σ. Thus,
we can define the 5D geometrical quantum action in the Weyl-like manifold
(5)W =
∫
d5y
√
|g5|Λ5(σ, σa). (22)
The field equations derived from (22) then read
δΛ5
δσ
− (5)∇ˆa
(
δΛ5
δσa
)
= 0, (23)
where (5)∇ˆa is the Riemannian covariant derivative and the variations are defined in the
Weyl-like manifold. The geometrical canonical momentum is given by (5)Πa ≡ δΛ5
δσa
= − 3
10
σa,
whereas the dynamics of σ is governed by
(5)ˆσ = 0. (24)
Therefore, it is not difficult to verify that
(5)∇ˆa (5)Πa = 0. (25)
Hence, for the invariant (5)Π2 = (5)Πa
(5)Πa we obtain[
σ,(5)Π2
]
=
9
100
{σa [σ, σa] + [σ, σa]σa} = 0, (26)
7
where we have used that (5)Uˆaσa =
(5)Uˆaσ
a and the relations
[σ(x, l), σa(x
′, l′)] = i (5)Θaδ(4)(x− x′)δ(l − l′), (27)
[σ(x, l), σa(x′, l′)] = −i (5)Θaδ(4)(x− x′)δ(l − l′), (28)
with (5)Θa = ~ (5)Uˆa and where (5)Θ2 = (5)Θa (5)Θa = ~2 (5)Uˆa (5)Uˆa = ~2, is a 5D relativistic
invariant. In addition, we define the Hamiltonian operator
(5)H =
(
δΛ5
δσa
)
σa − Λ5(σ, σa), (29)
such that the eigenvalue equation (5)H |B〉 = (5)E |B〉 holds. It is not difficult to verify that
δ (5)H = 0, which means that the total energy (5)E is an invariant in the extended manifold.
In particular, if we consider a 5D vacuum on the 5D Riemann manifold, we must consider
that (5)E = 0.
III. FIVE DIMENSIONAL VACUUM
In order to consider a 5D-vacuum we shall require, at least, that the background manifold
be Ricci-flat: (5)Rˆab = 0. Hence, the equation (17), must be written as
(5)Rab =
1
4
[
σa;b +
1
2
σaσb − gab
(
σc;c +
1
2
σcσ
c
)]
, (30)
and therefore, the 5D Einstein equation (20), would be given by the expression
(5)Gab =
1
4
[
σa;b +
1
2
σaσb + gab
(
σc;c +
1
2
σcσ
c
)]
, (31)
where the 5D-vacuum on the Riemann manifold requires that [see equation (19)]:
(5)R = −
(
σa;a +
1
2
σaσ
a
)
. (32)
Of course, since the scalar field σ, is a quantum field, only has sense the expectation values
of the equations (30), (31), and (32). In this framework, the right side of (31) must be
interpreted as the stress tensor due to the σ-field:
− (8pi G) (5)Tab = 2δ
(5)L
δgab
− gab (5)L, (33)
where the Lagrangian density is related to the Riemann cosmological constant.
(5)L = 10
3κ
Λ5(σ, σa) = −1
κ
(
σa;a +
1
2
σaσ
a
)
, (34)
and κ = 8pi G. Notice that (5)L = 1
κ
(5)R.
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IV. THE 4D FORMALISM
In order to obtain the corresponding 4D formalism derived from the previous one, we
consider the 5D line element corresponding to the five dimensional canonical metric
ds25 = F
2(l)
[
hˆαβ(x
ν) dxαdxβ
]
+ 
1
l20
(
dF (l)
dl
)2
dl2, (35)
where l is denoting the fifth extra coordinate, regarded space-like and non-compact, and
 = ±1 depending on the metric signature. In particular, in this work we shall consider the
case  = −1, corresponding to a space-like coordinate. Furthermore, we shall consider that
F (l) are the Weierstrass functions that obey the following differential equation:(
dF (l)
dl
)2
= 4F (l)3 − g2 F (l)− g3, (36)
where g2 and g3 are coefficients. Furthermore, e1, e2 and e3 are the roots of the polynomial
4X3 − g2X − g3 = 0, such that e1 + e2 + e3 = 0. The equation of motion for σ: (24), with
the metric (35), is
[ln (
√
g)],a σ
a + gab σ,ab = 0, (37)
which can be written as
[ln (
√
g)],µ σ
µ + gµν σµ,ν + [ln (
√
g)],4 σ
4 + g44 σ4,4 = 0, (38)
such that µ, ν run from 0 to 3. Now, let us assume that the 5D space-time can be foliated
by a family of hypersurfaces Σ0 : l = l0, such that on every leaf Σ0 the 4D induced line
element is given by
ds24 = hˆαβ(x
ν) dxαdxβ, (39)
where hˆαβ(x
µ) is the induced 4D metric. With the help of the Gauss-Codazzi-Ricci embed-
ding equations it is well-known that (5)Rˆ = (4)Rˆ − (KˆµνKˆµν − Kˆ2) = 0, where Kˆµν is the
extrinsic curvature tensor of the induced 4D Riemann manifold and Kˆ = hˆαβKˆαβ. Then, it
follows from (19) that
(5)R = −(σµ;µ +
1
2
σµσ
µ)− (σ4;4 +
1
2
σ4σ
4), (40)
with (4)R = −(σµ;µ + 12 σµσµ)
∣∣
l=l0
.
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V. PRE-INFLATION
Pre-inflation describes a big-bang theory on a complex manifold, in terms of which the
universe describes a background semi-Riemannian expansion, where the effective 4D line
element (39), is given by The line element for this case is
ds24 = hˆµνdxˆ
µdxˆν = e2iθˆ(t)dtˆ2 + a2(t)ηˆijdxˆ
idxˆj, (41)
with the signature: (+,−,−,−), a(t) is the scale factor and
√
hˆ = ia3eiθˆ. Here θˆ(t) = pi
2
a0
a
,
with a ≥ a0, t is a real parameter time and H0 = pi/(2a0) = 1/tp, such that tp = 5.4 ×
10−44 sec is the Planckian time. Notice that the metric (41) describes a complex manifold
such that, at t = 0 the space-time is Euclidean, but after many Planckian times, when
θˆ → 0, it becomes hyperbolic.
The idea of a pre-inflationary expansion of the universe in which the universe begins to
expand through a (global) topological phase transition was proposed in[9]. In this model was
studied the birth of the universe using a complex time τ(t) =
∫
eiθˆ(t)dt, such that the phase
transition from a pre-inflationary to inflationary epoch was examined using a dynamical
rotation of the complex time, τ(t), on the complex plane. After a particular choice of
coordinates, one can define a dynamical variable θ: pi/2 ≥ θˆ(t) > 0, such that it describes
the dynamics of the system and it is related with the expansion of the universe
θˆ(t) =
pi
2
e−H0t. (42)
With this choice of coordinates, the effective 4D line element (41), takes the form
ds24 =
(pia0
2
)2 1
θˆ2
[
dθˆ
2 − δijdxˆidxˆj
]
. (43)
If we describe an initially Euclidean 4D universe, that thereafter evolves to a globally hy-
perbolic one, we must take θˆ→0, for a θˆ that have an initial value θˆ0 = pi2 .
The field σ can be expanded in terms of a Fourier expansion on the 5D canonical metric
(35)
σ (θ, ~x, l) =
1
(2pi)2
∫
d3k
∫
dkl
[
Ak,kl e
i~k.~x Ψkl(l) ξk(θ) + A
†
k,kl
e−i
~k.~x Ψ∗kl(l)ξ
∗
k(θ)
]
, (44)
where kl is the component of the wavenumber related to the extra dimension. We can
propose the separation of variables in order to resolve the equation (38): σk,kl (θ, ~x, l) ∼
10
ei
~k.~x Ψkl(l) ξk(θ). We obtain the following equations for Ψkl(l) and ξk(θ):
∂2
∂l2
Ψkl(l) +
[
4
l40
1
(F ′)3F
− F
′′
F ′
]
∂
∂l
Ψkl(l)−
[
m2
l2(F ′)2F 2
]
Ψkl(l) = 0, (45)
ξ¨k − 2
θˆ
ξ˙k +K
2 ξk(θˆ) = 0, (46)
where K2 = k2 −m2, and the dot denotes the derivative with respect to θˆ. Notice that m
is the induced mass of σ. We shall consider the case where
F (l) =
(
l
l0
)n
, (47)
with n > 1. In this case the general solution of (45) is
Ψkl(l) = e
[
(l/l0)
−4nl4−l40(l/l0)4(1−n)
2 l40n
3(n−1)
]{
AHyp
{
[a1] , [b1] ,
(l/l0)
4(1−n)
n3(n− 1)
}
+ B
(
l
l0
)n
Hyp
{
[a2] , [b2] ,
(l/l0)
4(1−n)
n3(n− 1)
}}
, (48)
where Hyp {[a] , [b] , ξ(l)} is the hypergeometric function with parameters a and b and argu-
ment ξ(l) = (l/l0)
4(1−n)
n3(n−1) . In our case the parameters take the form
a1 =
nm2 l0
16(n− 1) , a2 =
n [m2 − (4/l20)] l0
16(n− 1) ,
b2 =
5n− 4
4(n− 1) , b2 =
3n− 4
4(n− 1) . (49)
In the figure (1) we show a plot of Ψkl(l), where we have taken n = 1 and the values of the
constants A = 1 and B = 0. Furthermore the mass of the σ is ml0 = 10
−5. Notice that the
solution is confined on the extra dimension l, but the solution tends to 0 as l→∞.
The case n = 1 is more simple and interesting. A particular solution is
Ψkl(l) = Ψkl(l0)
[
l
l0
]−3/2−1/2√4m2l0 2+9
, (50)
which tends to 0 as
[
l
l0
]
→∞.
A. Pre-inflationary 4D background dynamics and back-reaction effects
During pre-inflation the universe emerges describing a (global) topological phase transi-
tion such that the equation of state is a vacuum expansion. In this case the asymptotic scale
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factor, Hubble parameter and the potential are are respectively given by
a(t) = a0 e
H0t,
a˙
a
= H0 V =
3
8piG
H20 , (51)
so that, due to the fact that δV
δφ
= 0, the dynamics of φ, is given by the equation of motion
φ′′ − 2
θˆ
φ′ = 0. (52)
The solution that describes a field that drives a phase transition of the global geometry from
a 4D Euclidean space to a 4D hyperbolic spacetime, is
φ(t) = φ0. (53)
Furhtermore, the effective 4D energy density and the pressure, are respectively given by
ρ(θˆ) =
1
piG
3
(pia0)2
, P (θˆ) = − 1
piG
3
(pia0)2
, (54)
and therefore, the equation of state for the metric (43), is
P
ρ
= −1, (55)
which describes an effective 4D vacuum expansion during the global topological phase tran-
sition (from a 4D Euclidean space to a 4D hyperbolic spacetime) described by θˆ. The
fluctuations of energy density due to the back-reaction effects are
1
ρˆ
δρˆ
δS
= −2
(
pi
2a0
)
θˆσ˙, (56)
such that [9], for σ˙ = 〈(σ˙)2〉1/2
〈
(σ˙)2
〉
=
1
(2pi)3
∫
d3k(ξ˙k) ˙(ξ∗k), (57)
where the modes ξk must be restricted to
˙(ξ∗k)ξk − ˙(ξk)ξ∗k = iθˆ2
(
2
pia0
)2
, (58)
in order to the field σ to be quantized[8]
[σ(x), σµ(y)] = i ~Θµδ(4)(x− y). (59)
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Here, Θµ =
[
θˆ2
(
2
pia0
)2
, 0, 0, 0
]
are the components of the background relativistic tetra-
vector on the Riemann manifold. The equation of motion for the modes of σ: ξk(θˆ), is The
quantized solution of (46) results to be
ξk(θ) =
i
2
(
pi
2a0
)
K−3/2 e−iKθˆ
[
Kθˆ − i
]
. (60)
Therefore, the fluctuations (57), are
〈
(σ˙)2
〉
=
1
8
θˆ2
(4a0)2
4K40 , (61)
such that  1 and K0 =
√
2
θˆ
. Hence, the amplitude of energy-density fluctuations on super
Hubble scales, becomes ∣∣∣∣1ρˆ δρˆδS
∣∣∣∣ = pi24√2a20 , (62)
which is a constant.
VI. 4D GRAVITATIONAL WAVES DURING PRE-INFLATION
In order to obtain 4D gravitational waves from the 5D Weylian manifold it follows from
(6) that
(5) δ(5)Ψab = 0, (63)
where (5) δ(5)Ψab = gcd(δ(5)Ψab);dc. The equation (63) is the 5D gravitational wave equation
on the 5D Ricci flat Riemann manifold. Proposing the separation of variables δ(5)Ψαβ =
Ω(l)δ(4)Ψαβ(x
µ) and employing (35) and (43) the equation (63) for δ(5)Ψαβ results in the
system
δ(4)Ψ¨αβ − 2
θ
δ(4)Ψ˙αβ −∇2δ(4)Ψαβ +
(
β2
θ2
− α
)
δ(4)Ψαβ = 0, (64)
d2Ω
dl2
+
n
l
dΩ
dl
− α
l2
(
2nl0
pia0
)2
Ω = 0, (65)
where α is a separation constant and β2 =
(
pia0
2l0
)2
− 2(n−1)
n
(
pia0
2l0
)2
− 4. The general solution
for (80) is given by
Ω(l) = B1l
− 1
2
n+ 1
2
+ 1
2
√
n2−2n+1+4α
(
2nl0
pia0
)2
+B2l
− 1
2
n+ 1
2
− 1
2
√
n2−2n+1+4α
(
2nl0
pia0
)2
. (66)
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Now, expanding δ(4)Ψαβ in Fourier modes we obtain
δ(4)Ψαβ(θ, x¯) =
1
(2pi)3/2
∑
M=+,×
∫
d3kMαβ(zˆ)
[
ake
ik¯·x¯Qk(θ) + a
†
ke
ik¯·x¯Q∗k(θ)
]
, (67)
where Mαβ is the polarization tensor and M = +,× denotes the transverse polarizations,
such that Mαβ
αβ
M ′ = δ
M
M ′ . The annihilation and creation operators ak and a
†
k satisfy the usual
commutation algebra
[ak, ak′ ] = δ
(3)(k¯ − k¯′), [ak, ak′ ] =
[
a†k, a
†
k′
]
= 0. (68)
In our formalism we consider tensor perturbations of the metric propagating along the zˆ-
direction, and thus the polarizations are
+αβ =
 1 0
0 −1

αβ
×αβ =
 0 1
1 0

αβ
, (69)
with αβ spanning the (x, y) plane. In order to obtain information about 4D gravitational
waves we choose a TT-gauge. Hence, the conditions
δ (4)Ψ0µ = 0, δ
(4)Ψii = 0, ∇ˆjδ (4)Ψij = 0, (70)
are valid. Therefore, the equation for the Qk(θ) modes is given by
Q¨k − 2
θ
Q˙k +
(
k2 +
β2
θ2
− α
)
Qk = 0. (71)
With the help of (58) the normalized solution of (84) reads
Qk(θ) =
i√
pia0
θ3/2H(1)λ (
√
k2 − αθ), (72)
whereH(1)λ is the first kind Hankel function and λ = 12
√
9− 4β. Using (85) the mean squared
fluctuations for 4D gravitational waves is then given by
〈
δ (4)Ψ2
〉
=
22λ−1Γ2(λ)
pi5a20
θ3−2λ
∫
dk
k
k3−2λ. (73)
Most recent observations from Planck2018 constrain the spectral index ns = 1 − nT =
0.965[16], where nT = 3 − 2λ = 0.036 is the tensor index of the spectrum for gravitational
waves. Hence, we obtain
n2T − 6nT + (pi a0 α)2 = 0, (74)
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which implies that
α =
0.1454
a0
= 0.092H0, (75)
where the asymptotic Hubble parameter H0, is related to a0 by the expression: H0 =
pi
(2 a0)
.
If we take H0 = 1/l0, we obtain for the case n = 1, that
β2 =
(pi
2
)2
− 4 ' −1.53. (76)
VII. 4D SCALAR FLUCTUATIONS DURING PRE-INFLATION
The equation that describe the scalar fluctuations of the metric is given by
(5)δ (5)σ = 0. (77)
With the help of the line element (35), the equation (77) acquires the form
1√−h
∂
∂xµ
[√−hF−2hµν (δ(5)σ)
,ν
]
− l
2
0
F 4 dF
dl
∂
∂l
[
F 4
(
dF
dl
)−1 (
δ(5)σ
)
,l
]
= 0. (78)
Proposing the separation of variables δ(5)σ = L(l)δ(4)σ(xµ) and employing (43) the equation
(78) results in the system
δ(4)σ¨ − 2
θ
δ(4)σ˙ − ∇ˆ2δ(4)σ +
(pia0
2
)2 γ2
θ2
δ(4)σ = 0, (79)
d2L
dl2
+
1 + 3n
l
dL
dl
+
γ2
(1 + 3n)l20
1
l2
L = 0, (80)
where γ is a separation constant with length units. The general solution for (80) is given by
L(l) = E1l
− 3
2
nJµ
[
2γ
√
l
l0
√
1 + 3n
]
+ E2l
− 3
2
nYµ
[
2γ
√
l
l0
√
1 + 3n
]
, (81)
where µ = 3n, Jµ, Yµ are denoting the Bessel functions and E1, E2 are integration constants.
Now, expanding δ(4)σ in Fourier modes we obtain
δ(4)σ(θ, x¯) =
1
(2pi)3/2
∫
d3k
[
bke
ik¯·x¯Θk(θ) + b
†
ke
ik¯·x¯Θ∗k(θ)
]
, (82)
where the annihilation and creation operators bk and b
†
k satisfy respectively the commutation
algebra
[bk, bk′ ] = δ
(3)(k¯ − k¯′), [bk, bk′ ] =
[
b†k, b
†
k′
]
= 0. (83)
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Therefore, the equation for the Θk(θ) modes is given by
Θ¨k − 2
θ
Θ˙k +
[
k2 +
(pia0
2
)2 γ2
θ2
]
Θk = 0. (84)
With the help of (58) the normalized solution of (84) reads
Θk(θ) =
i√
pia0
θ3/2H(1)η (kθ), (85)
where H(1)η is the first kind Hankel function and η = 12
√
9− pi2a20γ2. Using (85) the mean
squared fluctuations for 4D scalar fluctuations is then given by〈
(δ (4)σ)2
〉
=
22η−1Γ2(η)
pi5a20
θ3−2λ
∫
dk
k
k3−2η. (86)
It is known that the spectral index is given by ns = 3− 2η, so that we obtain the expression
(γa0)
2 =
ns(6− ns)
pi2
, (87)
which can be estimated by using the recent results for the spectral index[16], ns ' 0.964:
(γa0)
2 ' 0.492. (88)
This result means that the constant of separation, γ is of the order of γ ' 7
10 a0
. Due to the
fact, H0 =
pi
(2 a0)
, we obtain that this constant of separation can be estimated in terms of the
Hubble parameter during pre-inflation: γ ' 0.445H0, which is an important result obtained
from the power-spectrum evidence.
VIII. FINAL COMMENTS
We have studied gravitational waves using a non-perturbative formalism in the framework
of the Modern Kaluza-Klein theory, also called Space-Time-Matter theory or Induced Matter
theory of gravity, in which the extra dimension is considered as space-like. In this theory it
is defined a Ricci-flat background manifold on which we define the back-reaction fluctuations
of spacetime. When we take a static foliation on the extra coordinate, we obtain that the
effective scalar field σ(xα, l = l0), evaluated on the effective 4D space-time, describes a
dynamics corresponding to a massive scalar field, with mass m. This mass is interpreted as
a drag effect on the spacetime ds24 = hˆαβ(x
ν) dxαdxβ, due to the fact the solution of σ on the
extra coordinate: Ψkl(l = l0), induces a constant m when we apply separation of variables
16
to resolve the equations. In the figure (1) we have taken ml0 ≡ m/H0 = 10−5. This is
the most relevant difference with respect to the original 4D formalism [8]. Finally, we have
obtained a spectrum of gravitational waves during pre-inflation which fits in Planck 2018
observational data for β2 ' −1.53.
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FIG. 1: Plot of Ψkl(l) for A = 1, B = 0, n = 1, ml0 = 10
−5 and H0 = 1/l0. Notice that the
solution has the limit: Ψkl(l)l→∞ → 0.
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